In this paper, we consider a generalized iterative process with errors to approximate the common fixed points of two asymptotically quasi-nonexpansive mappings. A convergence theorem has been obtained which generalizes a known result. This theorem has then been used to prove another convergence theorem which, in turn, generalizes a number of results.
Introduction
Let E be a real Banach space with C its nonempty subset. Recall that a mapping T : C → C is uniformly λ-Lipschitzian if for some λ > 0, T n x − T n y λ x − y for all x, y ∈ C and for all n = 1, 2, 3, . . . . Moreover, it is asymptotically nonexpansive if for a sequence {k n } ⊂ [0, ∞) with lim n→∞ k n = 0, we have T n x − T n y (1 + k n ) x − y for all x, y ∈ C and for all n = 1, 2, 3, . . . . Denote and define by F (T ) = {x ∈ C: T x = x}, the set of fixed points of T . If F (T ) = ∅, then T is called asymptotically quasi-nonexpansive if for a sequence {k n } ⊂ [0, ∞) with lim n→∞ k n = 0, we have T n x − p (1 + k n ) x − p for all x ∈ C, p ∈ F (T ) and n = 1, 2, 3, . . . .
A comparison of the above definitions makes it clear that an asymptotically nonexpansive mapping must be uniformly λ-Lipschitzian as well as asymptotically quasi-nonexpansive but the converse does not hold. In recent years, Mann and Ishikawa iterative methods have been studied extensively by many authors to solve one-parameter nonlinear operator equations as well as variational inequalities in Hilbert and Banach spaces. Liu [6] introduced iterative methods with error terms. Later on, Xu [14] improved these methods by giving more satisfactory error terms. Both methods constitute generalizations of Mann and Ishikawa (one mapping) iterative methods. The case of two mappings in iterative processes has also remained under study since Das and Debata [1] gave and studied a two mappings scheme. Also see, for example, [12] and [5] . Note that two mappings case, that is, approximating the common fixed points, has its own importance as it has a direct link with the minimization problem, see, for example, [11] . Recently the authors [2] studied an iterative process with errors in the sense of Liu [6] for two asymptotically nonexpansive mappings in a uniformly convex Banach space and in [4] , we studied an iterative process with errors in the sense of Xu [14] for nonexpansive mappings under weaker conditions in a uniformly convex Banach space. In this manuscript, we take into account a two-step iterative process with errors in the sense of Xu [14] and investigate the approximation of common fixed points of asymptotically quasi-nonexpansive mappings in general Banach spaces and apply it to get convergence results in uniformly convex Banach spaces under the conditions weaker than those found in the contemporary literature. As a matter of fact, we shall study the following process with error terms:
Let C be a nonempty convex subset of a normed space E and S, T : C → C be two mappings. The sequence {x n } is defined by ⎧ ⎨ ⎩ x 1 = x ∈ C, x n+1 = a n x n + b n S n y n + c n u n , y n = a n x n + b n T n x n + c n v n , n 1,
with {u n }, {v n } bounded sequences in C, {a n }, {b n }, {c n }, {a n }, {b n }, {c n } sequences in [0, 1] such that a n + b n + c n = 1 = a n + b n + c n for all n 1. Both Mann and Ishikawa iterative processes with errors as well as without errors can be obtained from this process as special cases by suitably choosing the mappings and the parameters.
In the sequel, we shall need the following lemmas.
Lemma 1. [3]
Let {r n }, {s n }, {t n } be three nonnegative sequences satisfying r n+1 (1+s n )r n +t n for all n 1. If ∞ n=1 s n < ∞ and ∞ n=1 t n < ∞, then lim n→∞ r n exists.
Lemma 2. [9]
Suppose that E is a uniformly convex Banach space and 0 < p t n q < 1 for all n 1. Suppose further that {x n } and {y n } are sequences of E such that lim sup n→∞ x n r, lim sup n→∞ y n r and lim n→∞ t n x n + (1 − t n )y n = r hold for some r 0. Then lim n→∞ x n − y n = 0.
We shall also make use of the following which we call condition (A ).
Condition (A ). Two mappings S, T : C → C, where C is a subset of a normed space E, are said to satisfy condition (A ) if there exists a nondecreasing function
Note that the above condition (A ) defined by the authors reduces to condition (A) [13] when S = T . Maiti and Ghosh [7] and Tan and Xu [13] have approximated fixed points of a nonexpansive mapping T by Ishikawa iterates under the condition (A).
Convergence in general Banach spaces
In this section we will prove a theorem in a general Banach space which generalizes certain result. This theorem will be applied, in next section, to obtain a result which, in turn, will generalize a number of results. We start with the following lemma.
Lemma 3. Let C be a nonempty closed convex subset of a normed space E and let S, T : C → C be uniformly λ-Lipschitzian asymptotically quasi-nonexpansive mappings with {k
Proof. Let p ∈ F . Since {u n }, {v n } are bounded, therefore there exists M > 0 such that
Thus by Lemma 1, lim n→∞ x n − p exists for all p ∈ F and hence {x n } is bounded. Choose Q > 0 such that max{sup n 1 x n − u n , sup n 1 x n − v n } Q. Now consider
That is,
Next,
Substituting (2.1) into (2.2), we obtain that
Similarly we can prove that
This completes the proof. 2
Lemma 4. Let C be a nonempty closed subset of a normed space E and let T : C → C be an asymptotically quasi-nonexpansive mapping. Then F (T ), the set of fixed points of T , is closed.
Proof. The proof is a routine work. 2
Lemma 5. Let C be a nonempty closed convex subset of a normed space E and let S, T : C → C be asymptotically quasi-nonexpansive mappings with sequence {k n } ⊂ [0, ∞) such that
∞ n=1 k n < ∞. Define an iterative process {x n } as given in (1.1) with {u n }, {v n } bounded sequences in C and {a n }, {b n }, {c n }, {a n }, {b n }, {c n } sequences in [0, 1] satisfying a n + b n + c n = 1 = a n + b n + c n ,
for all m, n 1, for all p ∈ F and for some R > 0 and h j = (c j + b j c j )M.
Proof. As calculated in Lemma 3, we have
It is well known that 1 + x e x for all x 0. Using it for the above inequality, we get
. . .
for all m, n 1, for all p ∈ F and for R = e Now we give our main theorem of this paper.
Theorem 1.
Let E be a real Banach space and let C, S, T , F , {x n }, {u n }, {v n }, {a n }, {b n }, {c n }, {a n }, {b n }, {c n } be as given in Lemma 5. Then {x n } converges to a point in F if and only if
Proof. Necessity is obvious. We only prove the sufficiency. Suppose that lim inf n→∞ d(x n , F ) = 0. As proved in Lemma 3, we have
This gives Next we show that {x n } is a Cauchy sequence. Let > 0. Since lim n→∞ d(x n , F ) = 0 and ∞ n=1 h n < ∞, therefore there exists a constant n 0 such that for all n n 0 , we have
There must exist p * ∈ F such that
Now for n n 0 , we have from inequality (2.5) of Lemma 5 that
Hence {x n } is a Cauchy sequence in a closed subset C of a Banach space E, therefore it must converge to a point in C.
F is closed as indicated in Lemma 4, therefore q ∈ F , and the proof of the theorem is complete. 2
Remark.
The above theorem generalizes Theorem 1 of Qihou [8] to the case of two asymptotically quasi-nonexpansive mappings.
Applications
In this section, we apply Theorem 1 proved in the previous section to obtain the strong convergence of the scheme (1.1) under condition (A ) which is weaker than the compactness of the domain of the mappings. Actually we prove the following theorem.
Theorem 2. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let S, T : C → C be uniformly λ-Lipschitzian mappings satisfying condition (A ) and
, then {x n } converges strongly to a common fixed point of S and T .
Proof. As proved in Lemma 3, lim n→∞ x n − p exists for all p ∈ F . Denote this limit by c. If c = 0, then the proof of the theorem is over. Suppose c > 0 and Q is the real number as appeared in Lemma 3. Now consider Further, observe that x n − S n x n S n x n − S n y n + S n y n − x n λ x n − y n + S n y n − x n = λ b n x n − T n x n + c n (x n − v n ) + S n y n − x n (1 − δ)λ x n − T n x n + c n λQ + S n y n − x n .
By (3.5) and (3.9), we achieve that lim n→∞ x n − S n x n = 0. (3.10)
